We study the polarization dependent second order correlation of a pair of photons emitted in a four level radiative cascade driven by an external field. It is found that the quantum correlations of the emitted photons, degraded by the energy splitting of the intermediate levels in the radiative cascade can be efficiently revived by a far detuned external field. The physics of this revival is linked to an induced stark shift and the formation of dressed states in the system by the non-resonant external field. Further, we investigated the competition between the effect of the coherent external field and incoherent dephasing of the intermediate levels. We found that the degradation of quantum correlations due to the incoherent dephasing can be content for small dephasing with the external field. We also studied the non-locality of the correlations by evaluating the Bell's inequality in the linear polarization basis for the radiative cascade. We find that the Bell parameter decreases rapidly with increase in the intermediate level energy splitting or incoherent dephasing rate to the extent that there is no violation. However, the presence of an external field leads to control over the degrading mechanisms and preservation of nonlocal correlation among the photons. This in turn can induce, violation of Bell's inequality in the radiative cascade for arbitrary intermediate level splitting and small incoherent dephasing.
I. INTRODUCTION
Quantum correlation of polarized photons emitted in a radiative cascade has been quite extensively studied since the early days of quantum mechanics [1] [2] [3] . Earlier studies in this regard were mainly focused on fundamental tests of quantum mechanics like the violation of Bell's inequality and existence of local hidden variable theories [2] [3] [4] [5] [6] . In recent times though such polarization correlation studies have gained importance in context to quantum information science particularly because of the entangled nature of the photon pairs. Note that many quantum information (QI) protocols based on quantum optics like quantum cryptography [7] , teleportation [8, 9] , efficient optical quantum computing [10] and long-distance quantum communication using quantum repeaters [11] requires an entangled photon pair per pulse. In general a large yield of such entangled photon pairs can be generated by nonlinear optical processes in bulk media [12] like the parametric downconversion [13] . However they are broadband, probabilistic and subject to Poissonian emission statistics leading to multipair emission [14] . In contrast a deterministic source of entangled photons would be able to suppress any multipair production and generate light pulses containing single photon pair with a high yield. This hence would render many of the above mentioned QI protocols much more efficient.
A suitable candidate for deterministic source of entangled photons turns out to be the radiative cascade emission from a single dipole, modeled as a four level system emitting a pair of photon in each excitation cycle [15, 16] . Note that the origin of entangled photon pair in a four level radiative cascade is attributed to the plausibility of two indistinguishable decay pathways. In case of atomic dipoles one requires careful trap- * Electronic address: dsumanta31@yahoo.com ping and preparation to implement this. However it has been found that in quantum dots (QDs), such photon pair generation can be triggered readily [17] . The biexciton decay in a QD generates a photon pair which can ideally be entangled in their time-frequency [18] or polarization degrees of freedom [19] [20] [21] . In practice though, the path indistinguishability is hard to achieve in a radiative cascade. Even for QDs due to anisotropic electron-hole exchange interaction the degeneracy of the intermediate (excitonic) state is lifted [22, 23] thereby destroying nonlocal properties of the emitted photons. The four level radiative cascade in general can be represented schematically by the Fig. (1) . We can see from the figure that due to the intermediate level splitting, the decay pathways are distinguishable and four distinct linearly polarized transition contribute to the emission spectrum. Entanglement of the polarized photons is then washed out given the fact that one can easily get which path information via energy consideration of the emitted photons [24] . This has hence lead to numerous investigations, particularly in QDs to find ways of reducing the intermediate state energy splitting within the radiative linewidth of the intermediate levels. [20, 21, [25] [26] [27] [28] . Note that, in a recent work a.c. Stark effect was used in QDs to reduced the intermediate level splitting within linewidth of the levels [29] . However it is worth mentioning here that even if the intermediate level splitting is cancelled in QDs, there are other processes that can have degradable effect on quantum correlations and polarization entanglement. For example dephasing interactions with the solid-state environment through collisions with phonons and electrostatic interactions with fluctuating charges around the dipoles [30] may also degrade the the polarization entanglement. Moreover, any incoherent mechanisms inducing a population exchange between the excitonic levels such as transitions through the dark states or spin-flip processes may deteriorate the visibility of entanglement [15, 16] .
We in this paper, theoretically investigate the effect of a strong external coherent drive on the intermediate level splitting in a four level radiative cascade and thereby on the second order quantum correlations of the emitted photons. We also evaluate the generalized form of Bell's inequality namely the Clauser-Horne-Shimony-Holt (CHSH) inequality [2, 5] in presence of the external coherent field and study how it can induce the generation of entanglement among the correlated photons. We restrict our analysis mainly to the rectilinear (H, V) polarization basis. We further consider other incoherent processes like the transfer of population among the intermediate states and investigate the effect of interplay of coherent field with this process on the quantum correlations and CHSH inequality.
II. MODEL AND DYNAMICAL EVOLUTION

A. Model of a radiative cascade
We consider a four level system undergoing a cascade emission as our primary model of study. In addition we also have an auxiliary level (|u ) which is dipole allowed to |X 1 and |X 2 . The importance of this auxlliary level in governing the dynamics of the four level cascade will be discussed later. The decay paths as shown schematically in Fig. (2) relaxes, generating the maximally entangled two photon state Since the Stark shift depends on the Rabi frequency of the transition |X 2 → |u and the detuning δ (see Fig. 2 ) of the drive it can in principle be made equal to ∆ F S even for arbitrary large value of ∆ F S . In the next section we develop the theoretical framework necessary to study the dynamics of the four level cascade in presence of the auxiliary level.
B. Dyamics of cascade emission
To understand the dynamics of our system we consider a density matrix formalism ( given the open nature of the four level cascade ) and write down the corresponding master equation for the density operator ρ as,
Here H is the Hamiltonian of the system comprising of the free energy term H 0 and the interaction term H I ,
Here Ω = d X2u · E/ is the Rabi frequency of the transition and δ: the detuning given by δ = ω X2u − ν L , where ν L is the frequency of the incident coherent drive. The relaxation processes like radiative decay and other incoherent mechanism present in the system that lead to decoherence is incorporated in the dynamics by the Lindblad operator Lρ of Eq. (2) and is given by,
Here the operators σ + = σ † − are the atomic lowering and raising operators defined as :
The decays in the system (see Fig. 2 ) are given as follows : γ = (γ 1 + γ 2 ) and γ 3 (γ 4 ) are the radiative decay rate of the excited state |2X and the state |X 1 (|X 2 ) respectively. The radiative decay rate on the transition |X 2 → |u is given by γ 5 = γ u . Further, γ 12 (γ 21 ) is the incoherent dephasing rate of the state |X 1 (|X 2 ) which corresponds to the rate of population relaxation between them. It is worth mentioning here that the incoherent dephasing considered by us is different from the pure dephasing in qubits. We here consider decoherence arising from population relaxation of the intermediate state as well as decay of the coherence among the levels whereas in pure dephasing environment only the coherence decays. As such the Lindbald operator to model these decoherence phenomenas (incoherent dephasing) take the form
In accordance with the above framework the time evolution of our system reduces to a set of differential equations of the form
where M a 25 × 25 sparse square matrix. An elaborate form of Eq. (7) containing the detail of the time dependence of the density matrix elements is provided in the appendix A. To understand the effect of external field induced manipulation of the intermediate level splitting and incoherent dephasing on the dynamics of photon emission, we next study the two-time second-order correlations.
III. QUANTUM CORRELATION OF PHOTON PAIRS
The two time second order correlation is an experimentally measurable quantity being related to the two time intensity correlations of the emitted photons. Further it also reflects the influence of the atomic properties on the statistics of the emitted photons. The two time second order correlation is defined by [16] ,
where II stands for the two time polarization angle dependent intensity-intensity correlation
Note that in the above definition,
) is the positive (negative) frequency part of the quantized electric field operator at a point r in the farfield zone. The electric field operator for our model of the radiative cascade is given by,
Further,ǫ (θ,φ) is the polarization unit vector of the measured radiation at the detector along any arbitrary direction given by (θ, φ) and are related to the linear polarization unit vectorŝ ǫ H ,ǫ V (where H stands for horizontal and V for vertical) by [15, 16] ,
The polarization unit vectors satisfies the orthogonality relation (ǫ
The above matrix relation can be understood as an unitary transformation between a basis defined by the linear polarization unit vectors and a basis defined byǫ (1) andǫ (2) . In experimental setup the angles θ, φ would correspond to the orientation of the optic axis of a half/quarter wave plate to the direction of propagation of the emitted radiation. We will next write down the key expression for the II and discuss the implication. For this purpose let us first make some simplified assumptions. Let us consider that both the levels |X 1 and |X 2 in Fig. 2 have the same incoherent dephasing rates i.e. γ 12 = γ 21 = γ d . Further we assume that the radiative decay rates of the intermediate levels are also equal (γ 1 = γ 2 = γ 3 = γ 4 = γ). Such assumptions are well justified as they do not influence the dynamics of the system significantly. Moreover as we restrict our analysis to the linear polarization basis, we can set φ 1 = φ 2 = 0. Hence under the above assumptions the two-time polarization angle dependent intensity-intensity correlation is found to be:
where,
and
The simplified form of the second order correlation in Eq. (11) has been derived to gain helpful insight, about the effect of interplay between the external field, the intermediate level splitting ∆ F S and the other incoherent processes on the polarization correlation of photon pairs. For detailed mathematical analysis leading to the generalized form of the two time intensity-intensity correlation, the reader is referred to appendix B of this paper. One can clearly see from Eqns (11, 12) that the second order correlation is profoundly influenced by the incoherent dephasing rate γ d as well as the excitonic level splitting ∆ F S , the Rabi frequency Ω and detuning δ. We next study the second order correlation of Eq. (11) for different limits of the system parameters to understand their effect on the dynamics of photon pair correlation and generation.
Case I : To understand the sole effect of the splitting ∆ F S we first consider (γ d = Ω = δ = 0). In the absence of any external field and for γ >> γ u the intensity -intensity correlation of Eq. (11) reduces to the second order correlations measured in ref. [19, 26] and given by [16] ,
Further, note that for small ∆ F S the above expression for intensity-intensity correlation is equivalent to that proposed by Freedman and Clauser [3] and later measured by Aspect and co-workers [5] .
Case II : We next study the effect of a strong resonant (δ = 0) external field on ∆ F S and thereby on the second order correlation. For this purpose we let γ d = 0 and neglect γ u under the assumption that γ >> γ u . Further we also consider that Ω >> all the decay rates in the system. With these assumptions, Eqn. (11) 
Thus we see that in presence of a resonant external field, beats result in the system with a frequency equal to the Rabi frequency Ω. Now for ∆ F S = Ω we find,
It can be clearly seen that the second order correlation oscillates with twice the Rabi frequency. Next to analytically study the behavior of this correlation let us consider some approximations. We see from the above expression that when 
where Ω ± = 1/2 √ δ 2 + 4Ω 2 ± δ/2 and we have considered Ω, δ >> γ. Thus here again we see that in presence of a resonant external field, beats result in the system with a frequency Ω + + Ω − = √ δ 2 + 4Ω 2 . Note that in this case when ∆ F S = Ω − the intensity-intensity correlation becomes
It is interesting to compare the time dependent cosine modulation term of Eq. (15) and (17) . We see that when we have a detuned external field, for any ∆ F S the argument of the modulation will be (2∆ F S + δ)τ . This is obviously greater than the modulation of (2∆ F S τ ) that we get from Eq. (15) for the same ∆ F S . Thus in this case our earlier approximation regarding dropping the highly oscillating cosine will work much better. Thus we anticipate that our scheme for a strong external field with large detuning will give optimal results for suppressing the effect of intermediate level splitting on the two photon correlations.
Case IV : Finally we will incorporate the incoherent dephasing of the intermediate states |X 1,2 in our analysis and study its effect on the quantum correlation of photons pairs. In this case we consider all the dynamical parameters with only two reasonable assumption : Ω, δ >> all the decay rates in the system and that γ >> γ u . The second order correlation then becomes,
Thus we see that in presence of the incoherent dephasing all the polarization angle dependent terms in the correlation gets an additional decay which will crucially regulate the quality of correlation among the photons. The approximation we considered in the earlier cases also hold in this case but they does not effect the dephasing rate of its influence. In the next section we define a quantitative measure of polarization correlation among the photons and discuss the effect of the external field, excitonic splitting and incoherent dephasing on polarization correlation and entanglement generation among the photons.
IV. DEGREE OF POLARIZATION CORRELATION
In this section we study a quantity: the time averaged degree of correlation C µ in a basis defined by the polarization of the emitted photons. Note that C µ has been studied extensively in context to polarization entanglement [19, 26, 31] and is defined in the literature as,
where µ, µ ′ stands for mutually orthogonal polarization basis like {H, V } or {D, D ′ }. The degree of correlation varies between +1 and −1, where +1 represent perfect correlation (−1 for anti-correlation) and 0 represent no polarization correlation. We next investigate the effect of intermediate level splitting ∆ F S , the external field Ω, detuning δ and the incoherent dephasing rate γ d on the degree of correlation. For this purpose we consider a time average of Eq. (19) such that C µ is solely dependent on the polarization angles for some particular values of ∆ F S , Ω, δ and γ d . This thus helps to understand the effect of interplay among several dynamical parameters of the system on the quantum correlation of the polarized photons.
A. Effect of the external field on the quantum correlation among photons in presence of intermediate level splitting
In this sub-section we numerically study (without any approximation on Eq. 11) the behavior of the degree of correlation C µ averaged over time as a function of basis angle, for non zero intermediate-level splitting ∆ F S and different external fields strength. We neglect any incoherent dephasing mechanism (put γ d = 0) for present, to keep our discussion simple. Effect of such incoherent dephasing in presence of the intermediate level splitting and external field will be considered in the next section.
In Fig. (3) we show the behavior of time averaged C µ as a function of the basis angle. We find that for no intermediatelevel splitting (∆ F S = 0), there is perfect quantum correlation and thereby entanglement among the photons in the polarization basis ( for a detail discussion in this regard see for example ref [16, 19] ). This is reflected in the figure by the fact that the degree of correlation C µ does not change (solid straight line of Fig. 3a) when the observation is made in different polarization bases (HV − DD − V H). However we find that as the intermediate level splitting increases the quantum correlation among the photons in the polarization basis is degraded. This is depicted by the oscillatory behavior of C µ in Fig.(3a) as the observation of photons are made in different polarization basis. Finally we find (solid oscillatory curve in Fig. 3a) that the quantum correlation among the photons are completely lost for large intermediate level splitting. Note that similar behavior was reported earlier in the study of such polarization correlation in Ref. [16] . Now that we have analyzed the dependence of degree of correlation and thereby the quantumness of two photon correlation on the intermediate level splitting we focus on the key aspect of this paper.
We now consider the effect of an external coherent field on the degree of correlation C µ when ∆ F S = 0. In Fig.  (3b) and (3c) we show that C µ is dramatically altered in presence of the field. For example we see from Fig. (3b) that for ∆ F S = Ω = 5γ the degree of correlation of the photons in the diagonal basis is enhanced by almost 75%. This can be further enhanced to the extent of achieving almost perfect quantum correlations among the photons with higher field strength (around Ω ∼ 2.5 × ∆ F S = 12.25γ) and strong detuning (δ = 5 × ∆ F S = 25γ in this case). Thus we find that our scheme becomes more effective with suitable off-resonant external field and larger field strengths. Moreover this also suggest that our approximation of dropping the cosine term in the analytical discussion of the quantum correlation is more appropriate for the case (III). Note that parameters used in our simulation are well within reach of experiments in practically realizable systems [29, 31] . In Fig. (3c) we show the effect of external field on the degree of correlation for a representative value of the intermediate level splitting ∆ F S = 10γ. Our simulations predict even better result for this case with large detuning (almost 10 × ∆ F S ) and field strength (3.5 × ∆ F S ).
The results of our simulations can be understood under dressed state basis. The external field between level X 2 and level u will split the excitonic level into two eigenstates |+ and |− as shown in Fig. (2) . When the field satisfies the con- dition that Ω = ∆ 2 F S + ∆ F S δ, the eigenstate |+ has the same energy as the other excitonic level X 1 . There is no energy splitting between |X 1 and |+ , so the polarization correlation in the diagonal basis can be revived as shown in Fig.  (3) . However, another eigenstate |− also affects the emission of photon from the biexciton level. This effect makes the degree of the correlation not perfectly recover back to 1. The energy difference between two eigenstates is √ δ 2 + 4Ω 2 . Therefore, larger detuning δ can make this disturbing effect by eigenstate |− be weak enough until it can be approximately neglected and the degree of correlation in the diagonal basis is then enhanced to almost 1.
Our numerical finding hence suggests that external control fields can efficiently revive degraded quantum correlation among the photons for quite large values of intermediate level splitting also. We would like to emphasize here that our theoretical model and methods thus predicts a practically plausible control knob (Ω, δ) to regulate the intrinsic parameter of the system (∆ F S ) which is otherwise difficult to achieve in such radiative cascade systems [21, [25] [26] [27] [28] . Of course, our results have certain limitation on the choice of Ω and δ. It is important to note that this parameters can in principle be arbitrary, although off-resonant external field with moderately large power but large detuning is not realistic in practice because it may not be in the absorption width.
B. Effect of the external field on the quantum correlation among photons in presence of Incoherent processes
As discussed earlier, now we numerically investigate the competition between the coherent (external driving field) and incoherent process (dephasing of the intermediate levels γ d = 0) and their effect on the degree of polarization correlation. Fig. 4a & b shows the time averaged degree of correlation C µ for ∆ F S = 0 and ∆ F S = 5γ respective, in presence of incoherent dephasing γ d = γ and different external fields Ω. Note that the adverse effect of such incoherent dephasing on the quantum correlation is clearly visible in both Figs.(4a &  b) . In absence of the external field, in addition to the fact that C µ oscillates as the polarization basis is changed (suggesting classical correlation) the maximum value of it is reduced (< 1). This implies that in presence of the incoherent process perfect correlation among the photons is not possible for example in the rectilinear basis also (see Fig.4 a) even when ∆ F S = 0. This is in striking contrast to the case discussed earlier (for ∆ F S = 0) when we have not considered the incoherent dephasing.
Moreover we see in Fig.(4a) that when γ d = 0, ∆ F S = 0, in presence of a resonant external field the behavior of C µ changes significantly. The otherwise oscillatory C µ is now suppressed and in particular we find that C µ beomes independent of polarization basis for Ω = γ d . We find that the difference in the degree of correlation of the photon pairs between the rectilinear and diagonal basis is reduced by almost 100%. However if we consider fields stronger than the incoherent dephasing rate the quantum correlation is spoiled again (as shown by the oscillatory dashed-dot curve in Fig.4a ). Our simulation suggest that for optimal parameters even in presence of degrading incoherent processes the coherent field can revive the quantum correlations among the photons which thereby makes the degree of correlation independent of the polarization basis. In Fig.(4b) we consider the competition between the coherent field and incoherent dephasing process further, but now in presence of a large excitonic-level splitting. We see similar behavior of the C µ as in Fig.(4a) with one main difference. In this case we see that the external field can revive the quantum correlation when it is resonant and Ω = ∆ F S . This is different from the analysis of the earlier section where γ d = 0, and the optimal condition was found to be with a non-resonant field. Thus we see from our simulations that in addition to intermediate level splitting if we have a incoherent process (dephasing in this case) the quantum correlation among the photons can be preserved to some extent by the external field even though the degree of correlation achieved in this case is not perfect.
V. BELL'S INEQUALITY FOR CORRELATED POLARIZED PHOTONS
In a classic paper in 1969 Clauser, Horne, Shimony and Holt [2] re-formulated and generalized Bell's inequality in terms of practically feasible correlation measurements among any two quantum mechanical systems. This later came to be known as CHSH inequality and was first measured by Aspect and co-workers in a beautifully designed experiment [5] . In recent times though CHSH inequality has been exploited extensively in studying entanglement among photons [15, [31] [32] [33] and there application to different quantum information protocols [7] . The standard procedure to verify the CHSH version of Bells inequality [2] for photon polarization states, is as follows. Two independent polarization detectors perform a coincidence measurement on the two photons emitted by the source for four combinations of linear-polarizer angles: Detector 1 say measures at some angles α 1 and α 2 , and detector 2 at β 1 and β 2 . The Bell parameter S then calculated in the CHSH form is given by,
where
is the correlation coefficient of the measurement α i , β j . Here p + (α i , β j ) denotes the fraction of events where the polarization measurements by detector 1 at angle α i and by detector 2 at β j are positively correlated (both photons pass through their respective polarizers, or both are rejected) and p − (α i , β j ) denotes the fraction of events where the photons are anticorrelated (one passes the polarizer, and the other is rejected). If the photons are perfectly correlated, then E(α i , β j ) = +1; for perfectly anticorrelated photons, we have E(α i , β j ) = −1.
Note that the maximum magnitude of the Bell parameter S that quantum mechanics allows is |S| = 2 √ 2 and the states that satisfy this are known as the Bell states (For example Eq. 1). For the photons generated from the radiative cascade we follow an approach outlined in [31, 34] to define the Bell parameter of (20) in the rectilinear-diagonal polarization basis as,
where C H and C D corresponds to the degree of polarization defined by (19) in the rectilinear and diagonal basis. Thus if the radiatively emitted photon pairs are correlated following the laws of quantum mechanics we will expect that the above inequality will be violated. However as the correlations are sensitive to the intermediate level splitting and any incoherent mechanisms present in the system we intuitively expect the CHSH inequality to be also sensitive to such system parameters. Thus, it is worth investigating the inequality of Eq. with no external field, which is depicted by the broken line in Fig. 5 . We find that for the two photon radiative cascade with ∆ F S = 0, the violation is maximum. We remind the reader that, this corresponds to the condition when the emitted photons are indistinguishable in time-frequency and generates an entangled state in the linear polarization basis {H, V } (Eq.1). However we find that as ∆ F S increases, S decreases and there is no more violations for ∆ F S > γ (S < 2). These behavior of the Bell parameter suggest that for ∆ F S = 0, but less than the line-width γ of the intermediate levels the photons are still quantum mechanically correlated [29] . Further, as the splitting increases beyond 4γ the Bell parameter becomes a constant at a value of around S = 1.5. Thus we see that for ∆ F S > γ the correlations of photons emitted in the radiative cascade remain no more quantum. However when the external field is turned on it effects the correlation among the photons dramatically and that is reflected on the Bell parameter. The solid and dashed-dot curve in Fig. 5 shows the Bell parameter as a function of the intermediate level splitting ∆ F S in presence of a resonant and non-resonant field respectively. We see from the behavior of the solid curve that eventhough in presence of a resonant external field S decreases initially with increase in ∆ F S but it never decrease below 2. Rather it becomes a constant (around 2.5) as the intermediate level splitting increases and the external field strength is varied to keep it tuned to the level splitting (Ω = ∆ F S ). Moreover, for a non-resonant external field (the dashed-dot curve) the effect on S is even more pronounced. This is expected, as from our earlier results, we know that the degree of correlations among the photons are even better when we have detuned external field. In this case we find that with increase in ∆ F S given that Ω is kept equal to the level splitting, S change minutely from the value at maximum violation. In Fig. 6 we plot the Bell parameter S as a function of the incoherent dephasing rate γ d . We find that when ∆ 
VI. CONCLUSION
In conclusion, we in this paper studied the polarization dependent intensity-intensity correlation of a pair of photons emitted in a four level radiative cascade driven by an external field. We found that, by applying a far detuned external field, the intensity-intensity correlation which is substantially degraded in the presence of the level splitting between the intermediate levels, can be efficiently revived. The mechanism that leads to this revival was found to be an induced stark shift and the formation of dressed states in the system by the non-resonant external field. We further investigated the interplay of the intermediate level splitting and the external field in presence of a incoherent dephasing of the intermediate levels. The incoherent dephasing create a decoherence in the system and thereby substantially effect the degree of correlation of the photons. In the presence of an external field, however we found that the effect can be partially controlled. Finally, we also investigate the non-locality of the correlations by studying the violation of Bell's inequality in the linear polarization basis for the radiative cascade. For an intermediate level, energy splitting more than the radiative linewidth and in presence of incoherent dephasing rate we found that the photons are classically correlated and there is no violation of Bell's inequality. In presence of an external field and no incoherent processes, effect of the intermediate level splitting can be suppressed, thereby generating nonlocal correlation among the photons. This hence leads to violation of Bell's inequality in the radiative cascade for even arbitrary intermediate level splitting. In presence of incoherent dephasing however, the external field modulation is effective in preserving the nonlocality of the correlation only if the incoherent process is not so strong. where
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